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Correction to Thermodynamics
Jose A. Magpantay∗
Quezon City 1101, Philippines
(Dated: January 29, 2019)
I work out the general expressions for the first relativistic correction of order
1
c
2
to thermody-
namics. The starting point is the relativistic Hamiltonian that I derived in a previous paper, which
I expanded to powers of
1
c
2
to derive a local (in time) Hamiltonian. Limiting to the first relativistic
correction, I worked out in general how the relativistic corrections to thermodynamics arise. I then
applied the formalism to the problem of N particles with harmonic oscillator interaction in 3D to
see the explicit expressions for relativistic corrections.
PACS numbers: Valid PACS appear here
I. INTRODUCTION
Laboratory gas systems at room temperature have non-relativistic velocities, typically of the order of 103m
s
, which
makes standard non-relativistic thermodynamics valid. However, there are systems, example, fusion reactors, where
the velocities are relativistic (velocities of the order of 106m
s
) but not by much, of the order of 1% of the speed of
light. Relativistic corrections are small but still worthwhile to determine. This regime is the focus of this paper, to
compute the relativistic correction to thermodynamic systems. Stellar systems, where ions are relativistic, are also
in strong gravitational field so the method of general relativistic statistical mechanics is more apt. For elementary
particles approaching the speed of light, quantum effects are also significant and the method of quantum field theory,
rather than particle-particle dynamics, is more relevant.
The starting point of equilibrium thermodynamics is the partition function, which necessitates knowing the Hamilto-
nian of the system. When I wrote the paper [1] that gave a rather simple relativistic Hamiltonian for a non-relativistic
Hamiltonian
Hnr =
N∑
a=1
1
2m
~pa · ~pa +
N∑
b<c
V (|~xb − ~xc|), (1)
I was not aware of the works done on extending to relativistic dynamics. I was only familiar with the works that stated
that there is no Hamiltonian for interacting particles that will satisfy the Poincare group [2] [3] [4] until I chanced
upon a review article on relativistic brownian motion [5], which gave a short summary of attempts on the search for a
relativistic many particle dynamics. There seems to be two approaches, one is by using Dirac’s constrained formalism
to derive a Hamiltonian that satisfies the Poincare algebra as represented by the following papers [6] [7] [8] [9]. It
seems the Poincare algebra is satisfied in this approach but the non-local in time interaction is not transparent. Also,
the Hamitonian is not unique as it depends on the additional constraints one has to impose.
The other is to take into account the non-local in time nature of relativistic dynamics as presented in the works
of [10] [11], with the last paper claiming that the non-local in time formulation leads to translation, rotation and
boost generators that satisfy the Poincare algebra. This is where I differ because in my simple attempt to derive a
many particle relativistic dynamics by making use of a scalar field and eventually integrating it out, the generators
in the effective dynamics are conserved but do not satisfy the Poincare algebra because of the non-local in time
dynamics. Still, the derived relativistic Hamiltonian nicely gives the non-relativistic two body interactions in the
limit c → ∞. Thus, although my previous paper has not settled the Poincare algebra issue raised originally, the
relativistic Hamiltonian I derived looks like a viable starting point for a relativistic thermodynamics. This is what I
will do in this paper. And since an exact evaluation of the partition function is not possible, I will do an expansion
in 1
c2
corrections to the non-relativistic thermodynamics.
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2But first, I give a summary of the relativistic Hamiltonian I presented previously. This is given by
Hr =
N∑
a=1
c(p2a +m
2c2)
1
2 +
∫
dt′
N∑
b<c
G4(~x
b(t)− ~xc(t′); t− t′), (2a)
G4(~x
b(t)− ~xc(t′); t− t′) =
∫
d3kdk0
exp [ik0(t− t′)− i~k · (~xb(t′)− ~xa(t))]
n2(|~k|2 − k
2
0
c2
)
, (2b)
n2(|~k|2) = (2π)3
[∫
d3xV (|~x|) exp i~k · ~x
]−1
, (2c)
where V is the non-relativistic two-body potential given in equation (1). Note that the argument of n2 solved in
equation (2c) was changed from |~k|2 to |~k|2 − k
2
0
c2
in equation (2b). This simple prescription gives the relativistic
version of equation (1).
Even if we find a closed form of G4, the non-locality in time in Hr will make its use in the evaluation of the partition
function rather too complicated. A way out is to expand in powers of 1
c2
, which I will show how to do in the next
section.
II. THE EXPANSION
The starting point is the expansion of n2 as given by
n2(|~k|2 − k
2
0
c2
) = n2(|~k|2) + (−k
2
0
c2
)
∂n2(|~k|2)
∂|~k|2
+
1
2
(−k
2
0
c2
)2
∂2n2(|~k|2)
∂|~k|2∂|~k|2
+ ....
(3)
Substituting this in equation (2b) gives
G4(~x
b(t)− ~xc(t′); t− t′) = δ(t− t′)V (|~xb(t)− ~xc(t′)|)
+
1
c2
∫
d3kdk0k
2
0 exp [ik0(t− t′)]
1
[n2(|~k|2)]2
∂n2(|~k|2)
∂|~k|2
exp [−i~k · (~xb(t)− ~xc(t′))] + ... (4)
where the ellipsis represent higher orders in 1
c2
. Substituting this expression in equation (2a) gives
Hr =
N∑
a=1
c(p2a +m
2c2)
1
2 +
N∑
b<c
V (|~xb − ~xc|)− 1
c2
N∑
b<c
[
ix¨cj(t)Lj(~x
b − ~xc) + x˙cj x˙ckQjk(~xb − ~xc)
]
, (5a)
Lj(~x
b − ~xc) =
∫
d3kkj
1
[n2]2
∂n2(|~k|2)
∂|~k|2
exp [−i~k · (~xb(t)− ~xc(t))], (5b)
Qjk(~x
b − ~xc) =
∫
d3kkjkk
1
[n2]2
∂n2(|~k|2)
∂|~k|2
exp [−i~k · (~xb(t)− ~xc(t))]. (5c)
Equation (5) clearly shows that as c→∞, we get the non-relativistic Hamiltonian given by equation(1).
Note, equation (5) is still expressed in terms of velocities, which must be given in terms of momenta. It even has an
acceleration term, which we now argue as negligible compared to the velocity terms of the same order in 1
c2
. Firstly,
the acceleration term
x¨
c2
is definitely much smaller than the velocity term [
x˙
c
]2. Second, the integral factor that goes
with the acceleration term has an integrand with one power of ~k less than the velocity term. Thus, we can neglect
the third term of equation (5a).
The relativistic velocity in terms of momentum is given by
x˙bi =
1
m
pbi
(1 +
p2b
m2c2
)
1
2
(6)
3. Substituting this in equation (5a) and consistently expanding all terms to 1
c2
, we find
Hr = Hnr +
1
c2
∆H1 + ...., (7a)
∆H1 = −
[
1
8m3
N∑
a=1
(pa)
4 +
1
m2
N∑
b<c
pcjp
c
kQjk(~x
b − ~xc)
]
, (7b)
where the ellipsis in equation (7a) represent terms that are of order 1
c4
or higher.
Thermodynamics begins with the evaluation of the partition function given by
Zr =
1
N !
∫ N∏
a=1
d~xad~pa exp (−βHr), (8)
which upon using equation (7) gives
Zr = Znr +
1
c2
∆Z, (9a)
Znr =
1
N !
(
1
h3
)N
∫ N∏
a=1
d~xad~pa exp (−βHnr), (9b)
∆Z = β
1
N !
(
1
h3
)N
∫ N∏
a=1
d~xad~pa∆H1 exp (−βHnr). (9c)
Equation (9) clearly gives the 1
c2
corrections to thermodynamics, which we will explicitly compute for a specific
two-body potential.
III. NON-RELATIVISTIC HARMONIC OSCILLATOR POTENTIAL IN 3D
Consider N identical particles of mass m, confined in a cube of volume V = L3, and at temperature T. Assume
that the particles interact with the harmonic potential
V (|~xb − ~xc|) = λ
2
|~xb − ~xc|2, (10)
where the strength of interaction λ is the same for all two-particle interactions.
If the gas is non-relativistic, the partition function, as given by equation (9b), is
Znr =
1
N !
∫ N∏
a=1
d~xad~pa exp (−β
[
N∑
a=1
1
2m
~p2a +
λ
2
N∑
b<c
|~xb − ~xc|2
]
). (11)
The momentum integrations are trivial, they give (4π)N (
2πm
β
)
3N
2 while the coordinate integrals are a bit more
involved. The container is defined by having xi = [−L2 , L2 ], for i = 1, 2, 3. The integration involving ~x1 is carried out
by making a change of variables ~x′1 = ~x1 − 1N−1
∑N
c=2 ~xc. The
~x′1 integration gives (
√
π
2α1
)3Φ3(α1V
1
3 ), where Φ(x) is
the error function defined by the integral
Φ(x) =
2√
π
∫ x
0
dt exp (−t2), (12)
where α1 =
1
2
√
2
[βλ(N − 1)] 12 .
Next, integrate ~x2. Taking into account the additional terms when we defined ~x′1 and the other terms involving ~x2
coming from the two-body potential terms, the change of variable ~x′2 = ~x2 − 1N−2
∑N
c=3 ~xc. Integrating
~x′2 gives the
contribution (
√
π
2α2
)3Φ3(α2V
1
3 ) where α2 =
1
2
√
2
[βλ
N(N − 2)
(N − 1) ]
1
2 .
4Continuing the process to step j for j = 3, 4, 5, there is a noticeable pattern, that for an arbitrary j, define
~x′j = ~xj− 1N−j
∑N
c=j+1 ~xc. Integrating
~x′j gives the contribution (
√
π
2αj
)3Φ3(αjV
1
3 ), where αj =
1
2
√
2
[βλ
N(N − j)
(N − j + 1)]
1
2 .
To prove that the formulas at level j are valid, I make use of induction. I assume that the jth step formulas are valid
and derive the (j +1)st formulas and show that these are precisely given by the jth iteration formulas with j changed
to j + 1.
Then we follow the process until the N − 1 term to give the last change of variables ~x′N−1 = ~xN−1− ~xN . Integrate
this term to get the contribution (
√
π
2αN−1
)3Φ3(αN−1V
1
3 ), where αN−1 =
1
2
√
2
[βλN2 ]
1
2 . Finally, the last integration
over ~xN is done with result similar to that of ~x1.
The simplification of all the terms follow from the fact that we have typicallyN ∝ 1023, thus all the αj = 12√2 [βλN ]
1
2 ,
for j = 1, ...N are for all intents and purposes the same as α = 1
2
√
2
[βλN ]
1
2 . The resulting non-relativistic partition
function is
Znr =
1
N !
(
1
h3
)N (4π)N
(
2πm
β
) 3
2
N (√
π
2α
)3N
Φ3N (αV
1
3 ). (13)
This is one of the main results of the paper, the partition function for a thermodynamic system of non-relativistic
N particles in 3D with two-body harmonic interactions in a closed form. However using equation (12), the partition
function is not very useful. But there is a useful series expansion of the error function, the Burman series [13] given
by
Φ(x) =
2√
π
sgn(x)
√
1− exp (−x2)
[
π
2
+
∞∑
k=1
ck exp (−kx2)
]
=
2√
π
sgn(x)
√
1− exp (−x2)
[
π
2
+
31
100
exp (−x2)− 341
8000
exp (−2x2) + ....
]
,
(14)
where ck are numbers, decreasing as k increases, and x = αV
1
3 . Given β = 1
kT
and k ∝ 10−23, and for thermodynamic
systems N ∝ 1023, we find x is indeed very large and we can, to a very good approximation, truncate Φ(x) to
Φ ≈ 1− (1
2
− 62
100
√
π
) exp (−α2V 23 ) + ... (15)
Equation (15) is then substituted in equation(13) to give the non-relativistic partition function
Znr ≈ 1
N !
(
1
h3
)N (4π)N
(
2πm
β
) 3
2
N (
2π
βλN
) 3
2
N [
1− 3Na exp (−1
8
βλNV
2
3 )
]
, (16)
where a = 12 − 62100√pi . Although this partition function is not exact, the dropped terms are really small.
Equation (16) is the starting point of the computation of the thermodynamic quantities, see for example [14],
resulting in
E =
3N
β
− 3
8
λN2aV
2
3 exp (−1
8
βλNV
2
3 ), (17a)
p =
1
4
N2λV −
1
3 exp (−1
8
βλNV
2
3 ), (17b)
S = k [lnZnr + βE] , (17c)
where the entropy S follows from equations (16) and (17a).
Note, the N non-relativistic free particles thermodynamics cannot be derived from above by taking λ→ 0. This is
due to the fact that the above results follow from the truncated Burman expansion of the error function as given in
equation (14), which is valid for large x = 1
2
√
2
(βλN)
1
2 V
1
3 . The free particle limit takes λ → 0, which means taking
x small and this necessitates another expansion for the error function, which is given by [12]
Φ(x) =
2√
π
∞∑
k=1
(−1)k+1 x
2k−1
(2k − 1)(k − 1)!
≈ 2√
π
x+ ...,
(18)
5where only the first term is explicitly written for very small x. Substituting this term in Znr given by equation (13),
the result is simply
Znr =
1
N !
(
1
h3
)N (4π)N
(
2πm
β
) 3
2
N
V N , (19)
the known result for free particles from which follows the thermodynamic relations.
IV. THE 1
c
2 RELATIVISTIC CORRECTION
The discussions in Section II give the relativistic Hamiltonian given a non-relativistic system with 2 body potential.
In particular, equation (7b) gives the first relativistic correction, the 1
c2
correction to the non-relativistic Hamiltonian
given by equation (1). I now apply this formalism to the system described in Section III.
Using equation (2c), the relevant n2(|~k|2) is
n2(|~k|2) = 4π
2
λΛ
[|~k|2] 52 , (20)
where Λ is a constant given by
Λ =
∫ ∞
0
drr3 sin(r). (21)
As the discussions in the next sections will show, the relevant constant that appear in the relativistic correction is
not Λ alone but Λ multiplied by another constant Ξ and its is this product that will be evaluated in the appendix
carefully.
Important in equation (7b) are the Qjk(~x
b−~xc) given in equation(5c) and the result follows by substituting equation
(20)
Qjk(~x
b − ~xc) = 10
π
λ(ΛΞ)
[|~xb − ~xc|2δjk + 2(xbj − xcj)(xbk − xck)] , (22)
where Λ is given by equation(20) and Ξ is a constant given by
Ξ =
∫ ∞
0
dr
sin r
r6
. (23)
Equation (22) shows that the relativistic correction depends on the product of the two constants ΛΞ, which is evaluated
in the Appendix A showing the value
ΛΞ = − π
40
. (24)
Substituting in equations (7a) and (7b), the relativistically corrected Hamiltonian to Hnr given by equation(1) with
the two-body potential given by equation(10) to 1
c2
is
Hr = Hnr +
1
c2
∆H1, (25a)
∆H1 = − 1
8m3
N∑
a=1
(~pa · ~pa)2 + λ
4m2
N∑
b<c
[
(~pc · ~pc)|~xb − ~xc|2 + (~pc · (~xb − ~xc))2] . (25b)
Substituting equation (25b) in equation (9c) will solve for ∆Z that should be added to Znr given by equations (13)
and (15). The evaluation is tedious and long but straightforward giving
∆Z =
9
8mβ
Znr − 3πaN
2mβ
(
2π
βλN
) 3
2
N−1
V
2
3
−N exp (−1
8
βλNV
2
3Zfnr, (26)
where Znr is the non-relativistic partition function for the N particles with harmonic oscillator two-body interaction
given by equations (13) and (15) while Zfnr is the partition function for N free non-relativistic particles given by
Zfnr =
1
N !
(
1
h3
)N (4π)N
(
2πm
β
) 3
2
N
V N . (27)
From this, we can compute the 1
c2
corrections to the thermodynamic quantities given in equations (17;a,b,c).
6V. THE HYBRID EXPANSION
Note that for a system of N free relativistic particles, the partition function is exactly solvable, i.e.,
Zfr =
1
N !
(
1
h3
)N
∫ N∏
a=1
d~pad~xa exp (−β
N∑
a=1
c( ~pa
2
+m2c2)
1
2 )
= ZrkinV
N ,
(28)
where
Zrkin =
1
N !
(
1
h3
)N
[
4π
m2c
β
K2(mc
2β)
]N
, (29)
and K2 is a modified Bessel function of the second kind of order 2 [12] [15] and Zrkin is the kinetic term of the free
relativistic particle partition function. This suggests a possible more accurate expansion to order 1
c2
of the partition
function if the full relativistic kinetic term is accounted. This is what I call a hybrid expansion. Note, the qualifier
possible because the correction, as the calculations in Appendix B show, may just involve higher powers of c2, which
fortunately was shown to involve only higher powers of 1
c2
. The hybrid expansion can consistently make use of the
full relativistic kinetic term and consistently expand the two-body interaction term in powers of 1
c2
.
The hybrid expansion begins with the Hamiltonian given by equation (2a) with the two-body potential given by
equation (10) but only expand to order 1
c2
the relativistic potential term G4. The hybrid Hamiltonian is then given
by
Hrhy = Hhy +
1
c2
∆H2, (30a)
Hhy =
N∑
a=1
c( ~pa
2 +m2c2)
1
2 +
λ
2
N∑
b<c
|~xb − ~xc|2, (30b)
∆H2 = +
λ
4m2
N∑
b<c
pcjp
c
k
[
δjk|~xb − ~xc|2 + 2(xbj − xcj)(xbk − xck)
]
. (30c)
The fact that the relativistic kinetic energy is added to the non-relativistic two body harmonic potential in equation
(30b) shows why Hhy is a hybrid Hamiltonian. ∆H2 given by equation (30c) differs from ∆H1 given by equation
(25b) because the kinetic term in equation (30b) is fully relativistic. From Hhy the hybrid partition function is easily
computed using the spatial integration done in Section III and the momentum integration given in equation (29)
resulting in
Zhy =
1
N !
(
1
h3
)N
[
4π
m2c
β
K2(mc
2β)
]N (
2π
βλN
) 3
2
N [
1− 3Na exp (−1
8
βλNV
2
3 )
]
. (31)
The counterpart of equation (9) in this hybrid computation is
Zrhy = Zhy +
1
c2
∆Zhy, (32a)
∆Zhy = β
1
N !
(
1
h3
)N
∫ N∏
a=1
d~xad~pa∆H2 exp (−βHhy). (32b)
The evaluation of equation(32b) is similar to the evaluation in Section IV that gave equation (26) differing only in
the use of the following ∫
d3p|~p|2 exp (−βc(~p2 +m2c2) 12 = 4π
c2
∂2
∂β2
[
(
m2c
β
)K2(mc
2β)
]
−m2c2
[
4π(
m2c
β
K2(mc
2β)
]
.
(33)
Equation (33) suggests that the 1
c2
may not be consistent because positive powers of c2 may just creep in. Fortunately,
as I show in Appendix B, there is no such danger. And just like in Section IV, after a long and tedious computation,
7the resulting relativistic correction to Zhy to order
1
c2
is
∆Zhy =
[
18N
πmβ
Zhy − 18aN
4mβ
(
2π
βλN
) 3
2
N−1
V
2
3
−N exp (−1
8
βλNV
2
3 )Zfr
]
, (34)
where Zfr is the partition function for N free relativistic particles given by equations (28) and (29). Notice that
equation (34) mirrors equation (26) the difference being instead of Znr and Zfnr we have instead Zhy and Zfr. It
should be expected that the thermodynamics of the relativistic system should be more accurately computed using the
hybrid expansion.
VI. CONCLUSION
In this paper, I show how to compute the relativistic partition function up to 1
c2
by making use of the relativistic
potential, which I derived in a previous paper. To illustrate the method, I applied the formalism to a system of N
particles with two-body interaction given by a harmonic potential. I then computed the partition function in two
ways - (1) with a non-relativistic Hamiltonian with both kinetic energy term and two-body potential non-relativistic
(see sections III and IV ), (2) with a hybrid expansion, with the kinetic term fully relativistic because its contribution
to the partition function is exactly known in a closed form and relativistic potential expanded in powers of 1
c2
(see
Section V and Appendix B). The paper solved the problem of the relativistic correction to thermodynamics up to
order 1
c2
.
I end with a discussion on satisfying the Poincare algebra in relativistic particle-particle dynamics. Inherent in
relativistic particle dynamics is the time-delay in the interaction. In my previous paper, I showed that it is this
time-delay that prevents the generators of space-time transformations from satisfying the Poincare algebra. However,
as I noted in the introduction, there are previous works that claim the contrary. But their Hamiltonian and other
generators are different from what I derived. I think this is an issue that still needs clarification.
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Appendix A. The Value of ΛΞ
Here, I prove equation (24) of the paper that says ΛΞ = − pi40 . To show the result, first I do an integration by parts
in Ξ to get
Ξ = lim
v0→0
1
4
(
1
v0
)4
− 1
20
∫ ∞
0
dv
1
v4
sin v. (A-1)
The product of the two factors then become
ΛΞ = Λ lim
v0→0
1
4
(
1
v0
)4
− 1
20
(∫ ∞
0
duu3 sinu
)(∫ ∞
0
dv
1
v4
sin v
)
. (A-2)
I evaluate the second term by transforming to plane polar coordinates by defining
u = r cos θ, (A-3a)
v = r sin θ, (A-3b)
The integral in the second term of equation (A.2) becomes
int =
∫ pi
2
0
(cos θ)3
(sin θ)4
(
1
2
)
∫ ∞
−∞
dr sin(r cos θ) sin(r sin θ), (A-4)
8which after a few steps give int = pi2 . This makes the second term of equation (A.2) equal to the answer − pi40 .
Now I show that the first term of equation (A.2) vanishes. For this, I make use of another representation for Λ
from [12] page 420, formula 3.761.2,
Λ = lim
u0→0
i
2
[exp (−i2π)Γ(4, iu0)− exp (+i2π)Γ(4,−iu0)] , (A-5)
where Γ(4, x) is an incomplete gamma function. This has a series expansion given by [12] page 941 formula 8.354.2
Γ(µ, x) = Γ(µ)−
∞∑
n=0
(−1)n x
(µ+n)
n!(µ+ n)!
. (A-6)
This results in power series that begins with
Λ = lim
u0→0
i
2
[
2i
(u0)
5
5!
+ ...
]
. (A-7)
This makes the first term of equation(A.2) equal to
firstterm = lim
u0→0
lim
v0→0
(
1
v40
)
i
2
[
2i
(u0)
5
5!
+ ...
]
. (A-8)
Since the u0 → 0 term goes to zero faster than the v0 → 0 term diverges, this term is zero. Thus, it has been shown
ΛΞ = − π
40
. (A-9)
Appendix B. Consistency of hybrid expansion
The hybrid expansion takes a full relativistic treatment of the kinetic term but expands the relativistic two-body
potential term in powers of 1
c2
. As argued in Section V, the momentum integrals in the correction just may pull down
positive powers of c2 when computing . Here I show that this does not happen.
The momentum integrals in the 1
c2
corrections in the two-body potential yields the partition function of relativistic
kinetic term Zrkin given by equation (29) plus the spatial integral factors, which has no c dependence, and finally an
extra factor given by
m2c2z
1
K2(z)
∂2
∂z2
[
1
z
K2(z)−m2c2
]
, (B-1)
where z = mc2β. For the 1
c2
expansion to be consistent, this term better be of the order of ( 1
c2
)0 and higher, i.e.,
( 1
c2
)n, with n =1, 2,.... Equation (B.1) simplifies to
m2c2
[
12
z2
+
5
z
K1(z)
K2(z)
+
K0(z)
K2(z)
]
−m2c2. (B-2)
From [12] page 970 formula 8.486.17, which says
K2(z) =
2
z
K1(z) +K0(z), (B-3)
the problematic m2c2 term cancels out leaving the term
m2c2
[
12
z2
+
3
z
K1(z)
K2(z)
]
. (B-4)
The first term of above is order 1
c2
, which means it can be neglected because as equation (31) shows, there is already
a 1
c2
factor that goes with ∆Zhy. The second term is
3m
β
K1(z)
K2(z)
. From [15]
Kn(z) =
√
π
2z
exp−z
(n− 12 )!
∞∑
r=0
(n− 12 )!
r!(n− r − 12 )!
(2z)−rΓ(n+ r +
1
2
). (B-5)
9From this follows
K1(z)
K2(z)
= 1 +O(
1
c2
) +O(
1
c4
) + .... (B-6)
Equation (B.4) gives 3m
β
resulting in ∆Zhy given by equation (34).
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